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LOADS IK RSmrORCSB ?AK£LS 
By K. J» Eoff ^ Robert S. Levy, a&d J'oseph Sempner 

SUMMARY 



lElxperiiaeftte were carried out at the Polytechnic 
Institute of Srooklyn with both curved aad flat reinforced 
sheet models the longitudinals 'of which were loaded axially. 
The stress distribution in longitudinals and sheet was 
measured with electric strain gages, She stresses then 
were calculated with the aid of a procedure of successive 
approximations based upon simplifying assumptions coh6ern~ 
ing the state of stress in a simple reinforced panel. The 
agreement between calculations and experiment was found to 
be reasonably good^ 



INTRODUCE I OST 



The methods of and the formulas used in the analysis 
of monoco^ue aircraft structures have been developed almost 
invariably for cylinders of circular, or possibly elliptic, 
cross section and of uniform mechanical properties. Yet in 
actual aircraft such structural elements are seldom if ever 
found, Unfortunately, the direct methods of analysis are 
little suited to cope with the problems involving complex 
cross-sectional shapes, irregular distribution of reinforc-> 
ing elements^ concentrated loads, and cut-outs. It is be- 
lieved that the indirect methods recently advanced by Hardy 
Cross (reference 1), and particularly by R, Southwell 
(reference 2), promise a solution ef such problems. 
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In thld Iti^direet approach the stress distribution, in 
a structure under specified loads is deterisiaed through 
gtep— °by— step approximations* Zn each step the state of 
distortion of the structure is arbitrarily modified and 
the stresses corresponding to the distortion are calcu— 
iated, Che procedure must "be continued until the stresses 
and the. external loads over the entire structure are in 
e<iuili^)rium» When the steps are undertaken at randoa, the 
procedure is likely to lead to a soltition only, if ever, 
after a very great nunther of steps, Xf the calculations 
are to be well ponver^ent — that is, if a reasonably rapid 
approach to the final state of distortion Is to be attained 
the steps must be undertaken according to suitable predeter< 
mined patterns. This is the reason Southwell called the 
procedure ^Hethod of Systematic Relaxations,'' 

It is the object of the present investigations to 
develop patterns which aako a solution possible^ with 
snsiaeering accuracy,- through a limited number of steps, 
!Ilhls end is approached t>y means of theoreticeCl consider- 
ations, strain measurements, and com;s>arative calculations^ 
The immediate goal is to work out a procedure which per- 
mits the solution of the complex problems previously meiw 
tioned even though approximate results are all that may 
be attained for the time being. 

<?he procedure can be, refined so that it will give 
more accurate results. It is planned to carry out this 
development after the more immediate problems are solved. 

In this first report experiments are described which 
were performed in the Aircraft Structures laboratory of 
ihe Polytechnic Xnstitute'of Brooklyn with both curved and 
flat sheet— stringer combinations, lor his contribution to 
the development of the apparatus and the testing techniq.ue, 
credit is due to Albert Cullen,. The stress distribution 
under concentrated loads vas investigated with the aid of 
Baldwin— Southwark Ketaleetric strain gages, Bis^jiacement 
patterns were developed for the step— by-^step procedure the 
use of which permits a rapid convergence of the computa- 
tions, fhe results of the calculations were in reasonably 
good agreement with the tssis. 

The report is presented so that it can be understood 
without a previous knowledge of the Southwell or the Hardy 
Cross method, 

This investigation, conducted at the Polytechijic 
Institute of Brooklyn, was sponsored by and conducted with 
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financial assistance from the National Advisory Committee 
for Aeronautics, 

SYMBOLS 



b distance "between adjacent longitudinals 

h distance between adjacent transverse reinforce- 

ments 

t thickness of sheet 

y vertical displacement 

^'block "block displacement 

vertical displacement of point N 
Vjj total vertical displacement of point N 

X, 7 coordinates 

y7j{^ influence coefficient 

A^^^ total effective crosfr-sectional area of a 

, stringer 

■^tot cent *«>*al effective area of a central stringer 

^tot edge *otal effective area of an edge stringer 

A-*S symljols used to designate horizontal sections 

through curved specimen 

•Af-Z symbpls . used to designate points of intersection 

of- longitudinal and transverse reinforcements 

B, M, T symbols used to designate bottom, middle, and 

top horizontal sectioua, respectively, through 
flat specimen 

0' location of point C after displacement 

S modulus of ©lasticl-ty 
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3P tensile fore© In bar 

y designation of a lo&4 condition of the curved 

ftpeciAen. 

' 0 modulus of elasticity in shear 

' J designations of load conditions of the curved 

specimen 

L length 

Z, distance betveen points M and H 

. mn 

V shear force In panel 
horizontal force at point H' 
vortical force at point S 

V unit shear strain 

V average unit shear strain in panel 
av _ 

cr direct stress in stringer 

er^^ average direct stress in a horizontal section 

of the sheet 

T shear stress 

1—4? symbols used to designate strain gages 

I— V eymbols used to designate stringers 

BXPBBIMZHfAX. UTTESSIGATIOBS 
Experiments with a Reinforced Curved Sheet 

One of the two identical semimonocoq,ue models is 
shown in figure 1, It consists of a semicircular cylinder 
of galvanized steel sheet reinforced "both in the longitudinal 
and circumferential directions with hot rolled steel strips, 
UJo retain the original shape of the models under load three 
heavy chajiael section "supporting rings,* one each at top, 
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center, and bottom, were fastened to each model, These 
rings, shown in the photographs of the test setup (figs, 
3 and 3), were attached only at the central stringer and 
were covered with grease so that they were capable of 
carrying loads only perpendicular to the surface of the 
model, 

3?h6 load was applied by an ordinary automobile jack 
through a system of frames and lerers shown in the photo- 
graph of figure 4, This system transmitted equal loads to 
the bottom extensions of the central stringers of the two 
models. The lever system at the top was so designed as to 
divide the reactionary forces approximately eq.ually among 
the upper extensions of the 10 stringers contained in the 
two models. At the same time the upper ends of the string- 
ers vrere not restrained from relative vertical displace- 
ments. All movable joints were lubricated. 

Since the loads applied at the top of the models were 
not collinear with those at the bottom, a bending moment 
waj5 exerted upon each of the models. Because of the sym- 
metrical arrangement of the two models, these moments were 
eq.ual and opposite. It was conseq.uen'tiy possible to make 
them balance each other through suitable connecting elements 
The balancing forces were transmitted through the support- 
ing rings. Corresponding supporting rings were connected 
by thin cables and turn buckles at the bottom, piano wire 
at the center, and a double knife edge between bearing pads 
at the top, 

To check the load distribution and to obtain several 
independent indications of the load, 14 calibrated load 
links were used. The forces were measured with Saldwin-? 
Southwark SR— 4 Metalectrio strain gages of type A— 1 and 
an SE— 4 control box. On the 14 load links as well as at 
the 55 reference points where the strain was measured on 
the model, the gages were arranged in pairs on opposite 
sides of the structural element, connected in series in 
order to measure the average direct stress, A dummy gage 
was provided close to the model to provide for temperature 
compensation, ^ 

The switching arrangement consisted of 49 brass blocks 
having 1/2 inch tapered holes and a brass plug, Belden Ho, 
18 solid waxed cotton insulated push back wire was used for 

all wirings 

After a number of preliminary tests, th6 final test 
runs r, H, and J were carried out corresponding to total 
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loads of approximately 1500, 4500, aad 3000 pounds, 
respectively, eq.uall2r divided 'between, the two models^ 
The data presented are averages of readings made for 
four to six load iucrestents, fDhe individual values 
differed only slightly. 



Sxperlments with the Seinforced Plat Sheet 

She test model shown in figure 5 consisted of a flat 
sheet of 245-1 aluminum alloy reinforced with longitudi- 
nally and transversely arranged hot rolled steel strips, 
fhe test setup is shown in the photograph of figure 6, 
The load was applied hy dead weights through a lever sys- 
tem which transmitted eq.ual forces to the bottom exten- 
sions of the four stringers, She top end of the model 
was attached at the extensions of the two edge stringers 
to an equal arm lever» To preclude the "buckling of the 
upper edge of the specimen, the distance between the 
stringer extensions was maintained by two steel spread- 
ing bars^ (Two lugs extending from these bars provided 
a lubricated sliding support for the center of the upper 
edge of the model. 

Loads and strains were again measured with Baldwin— 
Southwark Metalectric strain gages, the loads through 
four load links and two pairs of gages at the upper two 
stringer extensions, the strains through 30 pairs of 
gages attached to the model, She dummy used consisted, 
of a square of aluminum and steel similar to a section 
of the model. G-ages were mounted in pairs on both the 
sheet and the stringers. All wiring was done with ifo, 20 
'Roeplastic insulated solid copper wire. 

After several preliminary test runs, the final tests 
were made at load increments of 240 and 480 pounds, re'^ 
spectively, starting from a tare load of -240 pounds, She 
data presented are averages of six and five test runs, re- 
spectively. The individual values differed only slightly. 



AHALTSIS OF SSST BSSULTS 
Curved Model 



Values of the loads and stresses are presented in 
figures 7, 8, and 9 for the three final load conditions, 
These figures also contain a schematic sketch of the levor 
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system. Values of the loads were o'btaln.ea. through the 
use of the experiaentally determined calibration constants 
those of the stresses through the use of the bridge and 
gage constants furnished "by the gage manufacturer, ' Vhen 
strain was converted to stress, the modulus of elasticity 
was assumed to 'be 30 X 10® pounds per sqLuare inch» and the 
state of stress to he uniaxial. Comparison of the indi~» 
vidual load link readings permitted a check of the acctw 
racy of the load measurement. The ma^rimum deviation was 
4,57 percent, 

She variation of the tensile stress in the stringers 
is shown in figure 10 for the 3000— pound load condition,. 
IThe distributions for the other two conditions were simila 
and are omitted here, She variation of the direct stress 
in transverse sections of the model is given in figures 11 
and 12 corresponding to the 3000 and 45 00 pound load con- 
ditions, respectively. It may he seen that although the 
curves are rather jagged they are consistent for the two 
cases shown* The curves for the third condition are q.uite 
similar and fpr this reason are not presented. 

The shapiB of the curves justifies the use of the cotw 
ception of the effective width since the values of the 
stress in the centers of the panels are materially lower 
than those close to the stringers, The magnitude of the 
effective width of sheet was determined by multiplying 
the total width of the sheet by the ratio of the average 
sheet stress to the weighted average stringer stress. In 
weighting the stringer stress the central stringers were 
counted twice, the edge stringers once, corresponding to 
the ntunber of adjacent effective strips of sheet, Ihe 
results of these calculations are as follows; 

Sffective width at; 

Hun Section T. Section & 

(in,) (in,) 

(1500 lb) 9,7S 16,50 

^ (3000 lb) 8,11 15,30 

H (4500 lb) 9,33 17,60 

In the calculations by successive approximations, 
which were carried out for the 3000 pound load condition, . 
average values were used for the effective width, From 
the measured values the total effective area of a central 
stringer .was found to be 0,155 sq.uare inch, that of ' an 
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edge stringer 0,140 square inch. Moreover, a check on. 
the accuracy of the stress neasurements was possible, 
since the total load carried by any horizontal section 
across the model must equal the applied load. This check 
gave a maximum error of 8.27 percent. It was also found 
that the load carried 'by the sheet averaged 13.8 and 22*5 
percent of the total load in sections E and G, respect ively« 

The distrihution of the shearing stress in the sheet 
was also calculated from the test data. In this calcur< 
lation it was assumed that the shear strain vas constant 
across each panel and equal to the relative displacement 
Qf the central points of adjacent stringer segments, !Dhe 
angle of shear' was first determined from the displacements 
of these points on the stringers considering the upper end 
point of each stringer fixed in its original position be- 
fore loading, The vertical displacement of eny point of 
a stringer could "be calculated with the aid of a graphical 
integration of the stringer stress curve. Any relative 
rigid "body displacement of two ad,}acent stringers gives 
rise to uniform shear stx'aih.-and shear stress all along a 
vertical section through the model, The actual relative 
displacement of two adjacent stringers could he deter- 
mined therefore from the condition of equilibrium of the 
vertical forces. The results of these calcalations are 
presented for the 3000— pound load conditions only, since 
there ig prfictically no difference between the diagrams 
•corresponding -to the different load conditions except for 
the scale, figure 13 shows the shear stress along the 
stringers, figure 14 the deflected shape of the model. 



riat Model 

The data for the flat model were analyzed in the 
same way as those for the curved model to obtain the lo&ds 
and stresses shewn on the schematic drawing of the model 
(fig, 15 and 16), the curves of direct stress in stringers 
(fig. 17) and the curves of direct stress in sheet (fig. 
18), Only the curves corresponding to the 240-pound load 
increaent case are presented here. Those corresponding to 
the 4S0— pound load increment were omitted since they are 
practically identical with the former ones if drawn to 
half the scale. 

The curves of stress distribution in the sheet present 
a more regular appearance than do those previously shown 
for the curved model. This might "be due to the fact that 
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the gages on the flat model were located farther from the 
edges than those on. the curved model. 

In tha. evaluation of the total load carried hy the 
sheet the effect of the overlapped portions of the sheet 
had to be considered. fhe sheet of the flat model was 
composed of three sections Joined at the central stringers 
with an overlap of 1/4 inch on each side of the center 
lines. It was assumed that the overlapped portions were 
subjected to the same stress as the stringer. The effec- 
tive vfidth of sheet was calculated in the manner discussed 
for the curved model. Its value was found to be 7.37, 
7,75, suad 5,03 inches in the top, middle, and bottom, sec- 
tions, respectively. The aver^stge total effective area of 
an edge stringer was found to be 0,1301 Eq.uare inch, that 
of a central stringer 0^ 141'8 square inch* The latter in- 
cludes the overlap, " It should be noted that both for the 
central and the edge stringer the areas of effective width 
of the aluminum sheet were converted into equivalent areas 
of steel, 

Ihe comparison of the total load carried in a hori- 
zontal section across the model with the applied load was 
again made. She maximum error was 5.5 percent. The load 
carried by the sheet was 18,8, 21,9, and 17,8 percent of 
the total load measured in sections T, M, and B, respec— 
t ively. 



CALCUL&TIOir OF THZ STESSSITS BY SUCCSSSITB AFPBOXIMATICITS 
General I'eatures of the Procedure 



, In" thft procedure of successive approximations as 
developed by R, V, Southwell the stresses in an elastic 
structure are determined .i.-n. direct iy through the calcu- 
lation of the elastic displacements, At the outset it 
is assumed that a number, of points of the elastic struc- 
ture are rigidly attached to an imaginary rigid body. 
Step by step one point after another is freed from its 
imagin&.ry connections — in the language of the procedure 
"released" — and moved in a direction which presumably 
brings it closer to its final position in the loaded 
elastic structure. After eadh step the point that was 
moved is connected again to the flgid body, but in its ne\f 
position^' The forces caused in the elastic body by the 
displacements are calculated in each step. Through a 
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sufficient n.tiia"ber of steps these internal forces can be 
■brought into eq.uilihrium with one another and with the 
given external loads (accurately enough for practical 
purposes) without resort to imaginary forces originating 
froa the imaginary rigid body. When this is the cage, 
in the parlance of the procedure the elastic body is 
"relaxed, " IThe displacements in this state are the actual 
displacements of the points of the elastic structure under 
the specified loads, and the corresponding internal forces 
are the actual internal forces caused by the specified 
loading, in accordance with Kirchhoff's theorem of the 
uniqueness of the solution of pro'bldais of elasticity. 

An elastic structure can be assumed to contain an 
infinite number of mass points. It is obviously impos- 
sible to consider each ohe of them in the manner Just 
discussed when the successive approximation procedure is 
applied to the structure^ Sfhe procedure can be carried 
out, however, if the structure is Imagined to he decoiit- 
posed into finite "units" which, through suitable assump- 
tions concerning their elastic properties, are considered 
capable of only a limited number of elastic distortions* 
The choice of the unit, the assumptions concerning its 
elastic properties, and the calculation of the forces 
arising from distortions of the unit constitute the "unit 
problem," 



She Unit Problem 

The unit of the elastic structure considered in this 

paper consists of a panel of sheet metal and the four seg- 
ments of bars attached to its edges (fig, 19)» TiJ-e sheet 
is plane In one of the test specimens^ and in the other 
circular— cylindrical with straight generatrices running 
parallel to line AD, It is assumed that the bars are 
attached to one another by ideal pins, and that they have 
infinite rigidity in bending. The most general distortion 
of the unit consists then of arbitrary displacements of the 
four corner points A, B, 0, and D on the (plane and/or 
cylindrical) surface of the sheet. 

The unit problem reduces, therefore, to the calcu- 
lation of the forces caused by a displacement of point C 
in figure 19a to the position C» in. figure 19b. this dis- 
placement entails the stretching of bar BO to the* length 
h ■(• V, At the same time the fibers of the sheet are also 
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stretched. Instead of actually calculating the force 
req[uired to stretch the sheet, it is preferalile to take 
into account the resistance of the sheet to stretching 
through the addition of a suitaTjly chosen effective area 
of sheet to the cross~sec tional area of the longitudinal 
BG, She tensile force 7 reg.uired at points B and C for 
this deformation is then - . £ J) 



where E is Youngts modulus of the material, and "^tot 

the cross— sect ional area of the longitudinal augmented 
hy the effective area of the sheet. 

In addition to the stretching of the fibers, the 
displacement pattern of figure 19h Incorporates slldings 
of the fibers relalfive to one another, The corresponding 
angle of shear varies linearly from zero at A and B to 
its maximum value at D and C>, the average value "being 
eq.ual to v/2 divided lay the width t of the panel, 
Con8eq.uently the average shearing stress 



She total force Y necessary to overcome the shear 
resistance of the sheet 



V = Tth * (3) 



where t is the thickness of the sheet. Because it is 
imperative to reduce the number of points where the equi- 
librium of forces is considered, the distributed shearing 
stress along bar BO is replaced by two forces, each of a 
magnitude V/2, applied at points B and 0, respectively. 
Similarly the total shear force transmitted to bar AD is 
assumed to be concentrated at points A and D, 

By imagining now that at first points A, B, 0, and 
D are connected by rigid pegs to a rigid body in their 
original positions according to figure 19a and subsequently 
the peg at 0 is removed, point C of the elastic structure 
displaced to position C< through the application of the 
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req.uire<i force, and then the structure secured in its 
new position through the insertion of a new peg at C<, 
it is seen that the elastic structure must he in a state 
of stress. Because of this it exerts forces upon the 
pegs the magnitude of which can easily be calculated with 
the aid of eq.uations (l) to (3) and tlie remarks made in con- 
nection with them, The vertical components of the forces 
exerted Tjy the elastic structure upon the rigid "body 
through the intermediary of the pegs are denoted hy Y 
and a subscript which signifies the point at which the 
force is acting, These components are considered dosL- 
tive if acting downward. The displacement v of point C 
is also considered positi-ve downward, Vith this notation 
the following expressions are ohtained; 

= (&th/4b)T 

(4) 

Tj5 = - C(BAtot/ii) + (&th/4h)> 
Tjj = (&th/4'b)T 



She alge'braic etua of the four forces X is, of course, 
zero for reasons of equillhrium. At the same time the 
horizontal shear stress in the sheet gives rise to hori- 
zontal forces X which must also "be transmitted to the 
imaginary pegs at points A, B, C, and D, Because of the 
symmetry of specimen and loading^ the horizontal forces 
are automatically balanced in the examples discussed in 
the present paper. Moreover, they are small, Conseq.uently 
the horizontal forces are disregarded in all the calcula-~ 
tions to follow. 

It is believed that the arbitrary assumption of an 
effecti-ve width of sheet and of an average shear stress 
preserves the salient features of the much more complex 
actual state of stress in the unit problem. This belief 
is substantiated by the reasonable agreement between ex- 
periment and the stress values calculated by the success- 
ive approximation procedure based on the present solution 
of the unit problem. It must be admitted, however, that 
the use of an effective width value derived from the tests 
may have contributed to this agreement, it is planned to' 
investigate the unit problem with greater I'igor as soon as 



SAOA TIT Ho, 934 



IS 



the Qore urgent prolslens coneernitig the use of the pro-> 
cedure are solved, 

XxLfluetice Coefficients and Operations Talkie 

fhe influence coefficient 77^3 defined ae the 

vertical downward (positive y—) component of the force 
which acts upon the imaginary peg (the "constraint " ) 
at A when point B is noved through a unit distance 
verticaily downward (in the positive y— direction) , In 
the case of the unit problem of figure 19 the multipliers 
of v in eq.uations (4) are the influence coefficients. The 
multiplier in the first of the equations is yy^o* 
second yyBO» t^i'f* ^0C» fourth yyjjQ 

When the elastic structure consists of several panels, 
the effect of each one must be eon&idered, Xhus in the 
example of figure 20 a displacement v of point' A causes 
shear stresses to occur in all the four panels. At the 
four corner points and H this circumstance does 

not entail any changes i-n the expressions for the Influence 
coefficients derived previously, "but at the midpoints 0, 
2, and I of the four edgfr-bars the effect of the shear 
flow in two adjacent panels is superimposed. Accordingly^ 



y^BA " 


y^DA - 


y^FA * y^HA * *>tll/4b 


lA " 


y^SA = 


&th/3b 


yy- » 

"CA 


^OA " 


(2A^ ^/h)^ (0th/ 2b) 


y^AA • 





Again the sum of all the' Influence coefficients is 
zero because of the requirements of the equilibrium of 
forces in the vertical direction. This fact is helpful 
in calculating the influence coefficient of the moving 
point : it is equal to -1 times the sum of the influence 
coefficients of the fixed points. In the tables of in- 
fluence coefficients given in this report only the coeffi- 
cieAts having two different subscripts are listed. 
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!!!h.e operations table lists the forces that act upon 
the imaginary constraints because of the different *oper-» 
at ions" undertaken. Each operation consists of the di&.^ 
ja lacement of one or more pointa of the structure vhile 
~J^e rem aiik ing points stay fixed, la the preceding calcu- 
lations the only operations considered were those in 
which a single point was moved, fhese simple operations 
are always listed in the first rows of the operations 
table, She rapidity of the convergence of the "relaxa- 
tions" discussed in the following section can be materi- 
ally increased if ^group" and "block'* displacements are 
also used. A group displacement is defined as any com- 
bination of elementary displaeementSt ^ block displace^ 
ment is that kind of group displacement in which the 
distances of two or more points are preserved^ that isi 
in which two or more points are displaced simultaneously 
as a rigid block relative to the rest of the points of 
the structure. 

In the present investigation it was found advantageous 
to make use of block displacements in which an entire longi- 
tudinal was Aoved^ The forces introduced by such a block 
displacement can be found by adding up the forces caused 
by the individual displacements of each point involved,. In 
some cases, however, it is simpler to calculate the forces 
directly in the same way the unit problem was solved. 

As an example of a block displacement let longitudinal 
S^G-H in figure 21 be moved downward through a unit distance 
V s 1, Since no portion of the stringers is elongated, and 
consecLuently no direct stress set up, the forces induced are 



Yj, Yg » .^ath/2b 
Yp = Y(, « -ath/b 






&th/4b 




Relaxation Sable and the Calculation of the Stresses 



fhe operations listed in the operations table, multi- 
plied by suitable constants, are entered in the relaxation 
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table in such a way as to bring about most rapidly an 
approach to complete eq:uilibrium in the procedure of suc- 
cessive approximations. In. the first row of the table the 
applied load^ are given. Since the loads and their reac- 
tions do not act at the sane points, and since before the 
structure is elastically distorted in the step— by— step 
procedure no internal forces are assumed to act in the 
structure, the loads and reactions must be considered as ■ 
being transmitted through the ^^pegs" to the imaginary 
ri,gid body, Without the imaginary restraints, therefore, 
no eq.\iilibriuiii is possible. 

In the first step of the relaxations it appears 
advantageous to displace the point at whicli %Ta.e greatest 
(unbalanced) external force is acting. 7or this purpose 
the operation should be chosen from the operations table 
that, while balancing the force in (j.uestlont introduces 
the smallest possible forces ftt the neighboring points. 
When the operation is performed, the point which was dis- 
placed is in eq.uilibrivm , but a number of other points are 
unbalanced (if the forces transmitted by the imaginary pegs 
*re disregarded). It seems reasonable to proceed then to 
the balancing of the greatest remaining unbalanced force 
with the aid of the most suitable operation and to continue 
this procedure Until, after a sufficient number of steps, 
all the unbalanced forces are reduced to values small 
enough to be con.eidered negligible for practical purposes. 

She procedure Jus.t described works well when applied 
to simple structures in which the balancing of one point 
does not throw large unbalanced forces to a great number 
of other points. In the present problem, however, the 
convergence of such a procedure is very slow. The rapidity 
of the convergence can be increased if the operations in- 
volving simple displacements are supplemented by operations 
involving group displacements developed from a considera/- 
tioii of the most likely displacement patterns of the elastic 
structure. 

The boundary conditions of the problems investigated 
in the present paper congist of given values of the forces 
at the ends of the longitudinals. The displacements of 
the end points are not restricted. Obviously the smaller 
one of the end loads oii any single longitudinal is trans- 
mitted through the longitudinal to balance part of the 
larger end load, while the difference of the two end loads 
must b« transmitted through the sheet to the neighboring 
icagitudinals. The smaller end load, therefore, causes a 
uniform elongation of the stringer, while the difference of 
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the tv;o end loads gives rise to vsrying elongations of the 
stringer and to shearing strain in the panels of shest, 
Korsover, since the force req.uired for an elongation of the 
stringer is much greater than that required for a- comparable 
displacement due to shear^ the succession of steps listed 
helow was found advantageous and followed in the "balancing 
procedure; 

(5.) Displace individual points of one stringer only 
until the unTsalanced forces along the stringer attain 
magnitudes approximately proportional- to those given for 
the "block displaoement discussed at the end of the pre— 
ceding section. 

(S) Displace the stringer as a block by an amount 
sufficient to balance as much of these forces as possible, 

(S) Eepeat the steps described under (1) and (2) 
with the same longitudinal and the others contained in 
the structure until the unbalanced forces attain values 
which can be considered negligibly small, 

The success of the procedure described here is due 
to the fe-ct that steps listed under (l) Cause little 
change in the adjacont longitudinals because of the small 
shear rigidity of the sheet, 

When the relaxation is completed, the displacement 
of each point must be computed by adding up the displace- 
ments it underwent in each operation. It is advisable to 
list these values in a check table and to calculate frofii 
thoiu the forces at each point with the aid of the opera^ 
tions table* tfhe forces should be entered in the check 
table and added up, ffhe sums of the forces are then listed 
in the last row of the check table. These sums may differ 
from those given in the last row of the relaxation table 
because of cumulative arithmetic inaccuracies, and possi- 
ble mistakes made during the relaxations. One of the great 
advantages of the present procedure is that these mistakes 
need not be traced back and corrected in the relaxation 
table even if they cause siseable unbalanced forces to 
appear in the last row of the check table. Instead^ the 
unbalanced forces can be assumed as a new loading for the 
structure J and the relaxation can be continued until they 
are reduced to negligibly small qLUantitles, 

Vfhen the relaxation is completed, the stresses in 
ths elastic gtructure may be ccmptlted. ^he direct stress 
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In a segment of a vertical "bar between points M and is 



where I»t^ is the length of the segment, She shear stress 
in the slxeet "between points P and Q on adjacent verticals 
is 

where is the distance between the verticals. 



Numerical Sxample — She 71at Sheet (Tested 

ffhe manner In which the method of successive approxi— 
mations can he applied to practical problem* is shown in 
the following example of the flat sheet described in the 
section on Experimental Investigations, With the aid of 
the effective areas of edge and center stringer calculated 
in the section on Analysis of Sest Results and the eq^usf 
tions previously given in the present section, the unit 
problem may be solved and the operations table set up. 
Since the model and the loading are symmetrical, shear is 
not transmitted by the central panel. Consequently all 
calculations may be based on one— half the model (fig, S3), 

By using the following numerical values 



■*'tot edge^/^ = (0.1301 x 30 X 10®)/8 « 48.8 x 10* 
^tot cent^/^ = (0.1418 x 30 X 10®)/8 = 53,8 X 10* 
ath/4b s (3.8 X 10® x 0,021 X 8)/4 X 8 » 8. 00 X 10* 



the influence coef f ici>6nts can be readily determined. 
They are tabulated as followsi 
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Influeace Coefficients 
(lb/in. X l£r*) 

nm AS BS S7 BJ SK 

yynm 2.00 46,8 2.00 2.00 51*2 4.00 46,8 2.00 

nm ;j ffK JE JH JO ' EN EO STO 

yy-nm 2,00 5X^3 4,00 46.8 2,00 2.00 51,2 2,00 

The operatione table le obtained from tlx© tabulattsd 
influence coefficients. 



Operations -lable 
Chorees in lb, displacements in in. X 10*3 



Displ. 




















1 


-50. S 


2,00 




2,00 










^3 = 


1 


2.00 


-55.2 


2.00 


51.2 










''E « 


1 


H6.S 


2.00 


•T-101^6 


H.oo 


U6.S 


2.00 








1 


2.00 


51 •2 


it.oo 


^10. 1* 


2.00 


5i»2 






= 


1 








2.00 


^101.6 


, ii-,00 


U6.S 


2.00 




1 






2.00 


51.2 




-IIO.U 


2.00 


51.2 




1 












2.0 


-50,G 


2.00 




1 










2*00 


51.2 


2.00 


-55.2 


^bloclr ~ 


1 




ll-.OO 


•s.oo 


g.oo 


-a. 00 


8.00 


-H.oo 


H.OO 



gote! ■'■'biock 'so^'i^espoads to 

" ■'■g " '■j ■'"it *^ 1 simultaneously 

Srom th.6 equililiriTttm of the model shown in figure 22 
it can be- seen that the 60-pound force at N is transmitted 
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to A "by direct stress in the stringer; wliile the 6&>pound 

force at 0 is transmitted t6 A by shear in the sheet. If 
the unlsalanced forces are distributed in such manner that 

Yj^ « - Yb s = ^5ro » -10 

and 

and a block displacement of proper magnitude is . taken, 
equilibrium will be attained, Ifhls procedure is followed In 
t'he relaxation table as closely as the operations table permit 



Relaxation Table 











Y_ 


*J 






0 


Esftomal Loads 
=» -•S.lS 


-120 
110 




-101 








60 


60 


VJ a 1,73 


-10 


-It 


-101 

SI 


3 


-176 


7 


60 

gi 


60 
3 


Ys = 3.35 


-10 


-It 


-20 


-1 


-17§ 
156 


7 

7 


iin 
-169 


65 

7 




-10 
«1 




-20 
-1 


-1 
-13 


^0 


lit 


-2S 


70 


vg = •bo 


^.11 


10 


*fil 
1 


-154. 

3^ 


-20 
3 


lit 
-73 


-.22 
1 


70 
34 




-11 


10 


-20 


20 


-17 

3 


-59 

79 


-27 

3 


lOU- 


'bloci: = -2.5 


-11 
10 


10 
-10 


-20 

20 


20 
-20 


-lit 
20 


20 
-20 


-2it 
10 


19. 
-10 




-1 


0 


0 
-2 


0 


6 


0 


~lU 
-2 


9 


f 

Vjj = -.25 


-1 


0 


-2 


0 


10 
-12 


0 
-1 


-16 

13 


9 
-1 


Vg ss -.,02 


-1 


0 

1 


.2 


0 
-1 


-2 


-1 


-3 


g 


Vg sr •06 


-1 


1 


-2 


-1 

3 


-2 


-1 

-7 


-3 


g 

3 


VQ = #20 


-1 ■ 


1 


-2 


2 


-2 

> 


-g 

10 


-3 


11 
-11 


^lock = —25 


^1 

1 


1 
-1 


—2 

2 


2 
-2 


-2 

2 


2 

-2 


-3 

1 


0 

-1 


tzzzm: 


Q 


0 


0 


0 


0 


0 


-2 


—1 
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The fi^st TQv of figures in the velazfttloB. table 
»ho'.-fs the external forces with their proper signs, la 
ordei* to get the desired unbetlanoed force at 110 
];;ounds ciust lae applied at that point,- From the operations 
table it can be seen that this force may best be obtained 
by displacing point A. 3?he magnitude of the displacement 
must be 

CllO/(-5 0,8)3 XI* -2.16 units 

She other forces caused by a unit displa.cement of A are 
multiplied by —2.16, and these values are used to fill in 
the second row of the relaxation table. She ''residual 
forces'* — that is, the forces remaining after a relaxation 
has been applied — are obtained by adding rows 1 and 2, 
throughout the table, the values below the solid lines are 
the residual forces. In order to get the desired force 
at S without Introduoing new forces at point J is die- 
placed and tl^e calculations ar& carried out in a manner 
similar to that described in connection with the displace- 
ment of point A, Jhis procedure is continued, and also 
applied to the other stringer until' a block displacement 
appears to be advantageous^ It can be seen from the re- 
laxation table that the residual forces are close to zero 
after the block displacement has been made. In order to 
obtain more accurate values, the remaining forces are again 
relaxed until a new block displacement may be taken. All 
the residual forces are now small enough to be neglected^ 
However, further relaxations could be made if greater 
accuracy were necessary^ 

After completion of the relaxation table the check 
table is set up^ Ihe sums of the forces, given in the last 
row of the cheek table, differ slightly from corresponding 
values in the relaxation table, This is due to the fact 
that fractions were neglected. However, the residual forces 
are small enough to be disregarded. 
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V 


tot 


















ISxternal 
loads 


-120 












60 


60 




-4,91 


250 


-10 


-230 


-10 












-•27 


-1 


15 


-1 


-14 










*B = 


-2»75 


-129 


-6 


280 


-11 


-129 


-6 






= 


0 

-1. 06 






-50 


-2 


108 


-4 


-5 0 


-2 




,72 






1 


37 


3 


-79 


1 


37 




,33 










15 


1 


-17 


1 


^0 " 


1,74 










3 


89 


3 


-96 






0 


-1 


0 


0 


0 


1 


-3 


0 



Prom the total deflectioas v-^^i. the direct stress 
in the segmeats of tlie longitudiuals can te calculated 
with the aid of equation 7, Ihe calculations are presented 
in the table to follow. It should be noted that ^/■^nin ~ 

30 X 10^8 « 3,75 X iO® p(junde per sq.uare inch per inch for 
every segment of longitudinal^ 



]>irect Stress in Stringers 



Member 
ma 


'^m. tot 


''n tot 


^■''a tot-^ffl tot) 


Stress 
(pBi) 


A35, DH 


-4,91 


-2.75 


2.16 


810 


EJ, HM 


-2.75 


-1,06 


1.69 


634 




■■: -1,06 


,33 


1,39 


521 


BP, OG- 


27 


0 


• 27 


101 


PK, CJL 


0 


,72 


.72 


27 0 


KO, LP 


,72 


1,74 


1,02 


382 
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The values of the Bteesses calculated with the suc- 
cessive approximation method ate compared in figure 22 
with the experimental values obtained for the model, !I*he 
experimental curves are those of direct stress distribu- 
tion in the stringers for the 240 pound load increment. 
Since the stress values calculated by the successive ap- 
proximation method are assumed uniform along the stringer 
over each panel, they give constant stress lines for each 
stringer segment, She experimental and calculated stress 
distribution curves show reasonably good agreement. 

As the model contained large unsupported panels of 
flat eheetj the shear rigidity may have been smaller than 
calculated theoretically, Therefore the successive ap« 
proximations procedure was repeated assuming the shear 
rigidity one— quarter its formerly used value, CPhese calcu- 
lations are presented in tables 1 to 5, and the resulting 
direct stress in stringers is shown by the dotted lines in 
figure 23, If the stress curves so obtained are compared 
with the experimental curves, closer agreement than that 
formerly obtained c@.n be seen for the central stringers. 
It should also be noticed that the new stress values are 
very near the first ones obtained, notwithstanding the 
fact that the shear rigidity was assumed to be much dif- 
ferent, Shis indicates that large errors in the assumption 
of the shear rigidity of the sheet cause but small differ- 
ences in the final results. 

Calculations by Successive Approximations foi* 

the Curved Sheet Model 

The calculations for the curved model were slightly 
different from those for the flat model since the purpose 
of these calculations was not to present an example of the 
method but to check its accuracy against measured values of 
the stresses in run J (3000— lb load condition), A sketch of 
the developed m,odel, showing the external loads and identi- 
fying the Joints, is given in figure 24, 

The influence coefficients and .the first rows Of the 
operations table (tables 6 and 7) were calculated as out- 
lined earlier in this section except for the consideration 
of the shear; in the unit problem illustrated by figure 19 
the total shear reaction was assumed to act at the moving 
point (point 0). In the tables pertaining to the curved 
model minus signs are omitted and negative numbers are 
underlined. 
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Since the loading was onl7 approximately eymmetr ical, 
it was necessary to Tialance all 35 Joints individually^ 
Advantage was taken of a particular group displacement in 
order to reduce the labor of relaxation. !I!his group dis-> 
placement consisted of a simultaneous displacement of all 
Joints to the positions derived for the deflected shape of 
the model in the Analysis of 7est Besults, The forces 
corresponding to these displacements are shown in the sec- 
ond rows of the operations tatle (table 7), 

She original external loads and the effect of the 
group displacement are shown in table 8. Xt may he seen 
from the last row of this table that the original forces 
were greatly reduced by this displacement. 

It was observed that, although there were comparatively 
large unbalanced forces present at the individual Joints^ 
the algebraic sum of the unbalanced forces along any one 
stringer was not excessive, tCrial calculations proved that 
unbalanced forces of this kind can best be reduced by dis- 
placing individual points of the stringer relative to one 
of the points which is held fixed« !7he total load on the 
stringer is not greatly affected by such displacements, 
since only by relative displacements of adjacent stringers 
can it be materially changed. 

The manner in which this scheme was employed to 
expedite the convergence of the relaxation may be seen 
from an examination of the relaxation table (table 9)» It 
will bo observed that the central point of the stringer v;as 
chosen as the fixed point. 

A departure was made from the' practice of the preceding 
example in that unchanged residual forces were not rewritten 
at each step of the relaxation procedure. An effort was 
made first to reduce the unbalanced forces on the central 
stringer (0» N, S, X) ^ since the greatest individual 
unbalanced force occurred along this stringer as may be 
seen in the first line of the relaxation table« ^he al- 
gebraic sum of the forces on the central stringer was 112 
pounds. If this force had been divided among the Joints in 
a manner proportionate to the forces resulting from a block 
displacement of the stringer (shown in the operations tablo^ 
table 7), there would have been 14 pounds at each end point 
and 88 pounds at each inner point. Since the sum of the 
forces at S and X eq.ualed -r344 pounds and the desired sum 
of the forces at these points was 42 pounds, it was nec- 
essary to add 386 pounds to %he lower part of the stringer 
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Toy taking this force away from point N through a dis- 
placement of point S, 

Hext a displacement of X was taken to eliminate the 
foz'ce at X and to reduce the fotce at S, After completion 
of these steps of the procedure the sum of the forces at 
S and X was found to he greater than the 42 pounds desired. 
The difference was due to the shear forces introduced by 
the large displacements necessary to halance the large 
force originally at X, 

The same system of relaxations Vfas employed to reduce 
the forces at H and C, In all the relaxations so far per-- 
formed, the central point was not displaced. 

fhe total unbalanced force on the central stringer 
was then found to "be 380 pounds, which could he divided 
into forces of 35 pounds at the end points and 70 pounds 
at the inner points. Since the total force at S and X 
was 356 pounds and 105 pounds was desired, point S was 
displaced to add 154 pounds to point JT^ ^ext point X was 
displaced to balance roughly the resultant forces at S 
and X. 

The procedure was continued until there were reasonably 
small positive forces left at ail the Joints along the 
stringer. Then a block displacement of the stringer was 
taken to transfer the loads to the adjacent stringers, Afte 
the block displacement a few local adjustments served to re- 
duce the maximum unbalanced force along the central stringer 
to less than 50 pounds at any Joint, 

The unbalances on stringers A, I*, L, ^, and B, G, M, 
S, y were reduced by following the same general procedure, 
that is, leaving the central points L and M in their orig- 
inal positions. Then a block displacement of stringer B, Q-, 
M, W, followed by small local displacements, reduced the 
maximum unbalanced force to 43 pounds. 

The goal had arbitrarily been set at 50 pounds maximum 
residual force, which corresponded to 3—1/3 percent of the 
maximum external load, bui the method could have been con- 
tinued to reduce this re-sidual force to any desired value. 

The check table (table 10) shows that the final re- 
sidual forces are sufficiently small to make further re- 
laxations ujaneoes sary» The direct stresses in the stringers 
were calculated by the same procedure as was employed with 
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the flat model (table 11) » She shear «tress distribution 
was determined with the aid of equation ( 8l). These calcu- 
lations are contained in table 13« 

A comparison of experimental and calculated values 
of direct stress in stringers and of shear stress in 
sheet is shown in figures 35 and 26^ Xt may be seen 
that good qualitative agreement was obtained, OJhe error 
was greatest at the point of maximum stress where the 
concentrated load was introduced, Xt is believed that 
the assumption of a constant effective width of sheet 
throughout the model was largely responsible for this 
deviation. In stringers 1, II, and IT there appears to 
be a systematic deviation between experimental and calcu- 
lated values, Shis observation, however, is not neces- 
sarily correct since the stress in the stringers was 
measured only at sections B and D, and the experimental 
curves were drawn in the simplest possible way between 
these points. 



CONG I,US IONS 



The Convergence of the successive approximation 
procedure is rapid in the calculation of the stresses in 
a flat or cylindrical reinforced sheet with concentrated 
axial loads applied to the end points of the longitudinal 
reinforcements , p rovided , the end -poin t s ,o_ f the long itu dina ls 
aro not restrained, from^^xia^l" displacement ^ if the succes- 
sion of steps listed below is followed in the balancing pro—' 
cedurei 

(1) Displace individual points of one longitudinal 
until the unbalanced forces along it attain magnitudes 
approximately proportional to the forces caused by a 
%lock displacement of the entire longidinal^ 

(2) Displace the longitudinal as a block by an amount 
sufficient to balance as much as possible of the unbalanced 
forces remaining after the steps described under (l) are 
perf ormed, 

(3) Repeat the steps described under (l) and (2) with 
the same longitudinal and the others contained in the struc— 
ture until the unbalanced forces attain values which can be 
considered negligibly small. 
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The effective width of sheet is sot constant along 
the longlttLdinals, In Irhe experiments carried out the* 
ratio of effective width to total width was found to vary 
from 0,33 to 0,72 in the curved specimen^ from 0,21 to 
0,32 in. the flat 8peeima|j« Nevertheless, reasonably good 
agreement was obtained between stresses measured in ex- 
periment and those calculated on the assumption of a oon~ 
Btant average value of the effective width. 

In the calculations by successive approximation^ a 
reduction of th& value of the shear modulus to one— quarter 
its theoretical value did net cause any material changes 
in the stresses computed^ 
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STABLE 1.^ IK?IrIISNCS COSFFICISieS POH JUJS 

S7 S7 3SC 

52#7 I'OO 0.50 

^0 lOr ElO HO 

0.50 0.50 52,7 0.50 



2.^ OPSE^ZOK TABLS K)B IPhAT HOm WISH ESDUCKD SHm £X0IDXS7 
pTorces In Ibt clisplacesaentB in In. x 10^3 



Displ* 












\ 


\ 


^0 




1 








.50 












1 


.50 


-53.7 


.50 


52.7 










■vg - 


1 


Us. 3 






1.00 




.50 








1 


.50 


52.7 


1,00 


-.107, u 


•50. 


52.7 






VJ = 


1 






Ug.3 


.50 




1.00 


Ug.3 


.50 


yg; = 


1 






.50 


52*7 


1.00 


-XO7.U 


•50 


52.7 


= 


1 










U«.3 ■ 


.50 


-U9.3 


.50 


^0 - 


1 










.50 


52.7 


.50 


-53.7 




1 


-^1,00 


1.00 


^»oo 


2,00 


*2,00 


2.00 


-1.00 


1*00 



srOlTEj v-jjj^ook corresponds to = . vj. = = vjj » 1 ainultaneously: 



WISH smjcm shs&b 

Cllj/in. X 10" 

nm ' AS ' AF SS 

0*50 US.3 0,50 0.50 

nm M JK JH 

^na ^'50 52.7 1.00 Ug.5 
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Wlia H3DUC3D SHE&E EI&IDIITY 





h 






T 








^0 


Extevual loads 


-120 












60 


60 


= -2.23 


110 


-1 


-10s 


-1 










Yj = l»g2 


-,10 


-1 


-log 

ss 


-1 

1 


-179 


2 


60 

SS 


60 

1 


VJf a 3,29 


-10 


*1 


-20 


0 


-179 
159 


2 
2 


lUS 
—162 


61 
2 




-10 


-1 

11 


-20 


0 

-11 


-20 


u 


^lU 


63 




-10 


lO 


-20 


-11 

31 


-20 
1 


h 
•^3 




63 
31 


Vq = 1,50 


-10 


10 


-20 


20 


-19 

1 


-59 

79 


-lit 
1 


9U 
-gl 




-10 
10 


10 
-10 


-20 
20 


20 
-20 


-IS 
20 


20 
-20 


-13 
10 


13 

-10 




0 


0 


0 


0 


2 


0 


-3 


3 
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WITH BSEXJCSD SH£&B IIIOIDXSY 



















^0 


Sxtern^I loads 


•ISO 












60 


60 




603 


-6 


-591 


-6 














J-X 














s ••a.o.oo 




-5 




-10 • 




-5 






Vy = 0 
























-395 




S07 


-g 


-395 












31 


1 


^3 




31 














-3 


331 


»3 


vj, » 1,50 










1 


79 


1 






0 


a 


0 


0 


s 


0 


-3 


3 



TA3LS 5— DIHBOT SCBSSS IK" STRINQSHS POE H-jMC MODEL 
VIIH SEDOOBD SHEAR HI&IDIIY 



nm 


"'k tot 


"^a tot 


^"^a tot*"^m tot^ 


Stress 
Cpsi) 


DH 


-12.23 


-10 ,0 


2,23 


B5S 




-10*0 


-S.lg 


1.82 


6S3 


JH, iiq, 


-g.is 


-.6.71 


I.U7 


551 




-..20 


0 


,20 


75 


FK, SC. 


0 


.59 


.59 


221 


KO, 3jp 


•59 


1*5 


,91 


31a 



30 

TABLE 6. INFLUENCE 
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COEFFICIENTS FOR CURVED MODftL 



R>im 


XIO* 




RjlNT 






FblNT 




A-B 


2.G2 




H-J 


5.25 




o-u 


2.62 


A-F 


7Q0 




H-M 


2.62 




P-T 


2.62 


A-6 


2.G2 




H'N 


775 




p-u 


7Q0 


B-C 


Z.62 




H-O 


2.62 




o-v 


70.0 


B-F 


2.62 




J'K 


5.25 




o-w 


2.62 


B-H 


2.62 




J-O 


775 




R-S 


5.25 


B-6 


775 




J-N 


2.62 




R-V 


2.62 


C-D 


2.62 




J-P 


2.62 




R-W 


775 


C-6 


2.62 




KO 


2.62 




R-X 


2.62 


C-H 


773 




K-P 


7Q0 




S-T 


5.25 


C-J 


2.62 




L-M 


5.25 




OR 


5.25 


D-E 


2.62 




L-Q 


7O.0 




s-w 


2.62 


D-H 


2.62 




L-R 


2.62 




s-x 


773 


D-J 


775 




M-N 


5.23 




S-Y 


2.62 


OK 


2.62 




M-Q 


^62 




T-U 


5.25 


E-J 


2,62 




M-R 


775 




T-X 


2.62 


E-K 


7Q0 




M-S 


^62 




T-Y 


775 


F-G 


5.25 




N-O 


5.25 




T'Z 


2.62 


F-L 


7Q0 




N-R 


2.62 




U-Y 


2.62 


F-M 


2.62 




N-S 


775 




u-z 


70.0 


6-H 


5.25 




N-T 


2.62 




V'W 


2.62 


G-L 


2.62 




0-P 


5.25 




vy^x 


2.62 


G-M 


775 




0-3 


2.62 




X-Y 


2.62 


G-N 


2.62 




O-T 


775 




Y-Z 


2.62 



TABLE 7. OPERATIONS TABLE FOR CURVED MODEL. SHEET I . 



A lO* 




Yft 
IP 


Yc 


Yd 


1 

1 V ■ 


r 

Yr 




Yh 


Yi 


Yk 


Yl. 


Yh 


Yf* 


Yo 


Yf 


Yo 


Y« 


Y» 


Yt 

I* 


Y« 


Yy 


Y* 


Yk 


Yy 


Yr 






m 








623 










































ISA 

a 


n/a 

365 


2j62 

u 






2£2 


ns 
azz 


2fi2 

il 




































%b-l 




O 


m 

o 


Q 






2j62 
O 


77^ 

O 


O 


































VoM 
Vb-36 






2.62 


m 

317 


1 






ZjW 


ns 


JL 
































Vt-l 








20 










2ja 


TOjO 

S23 
































Vr-I 


TOO 
2S2 


2je2 








541 


i3L 










2£2 






























z^z 


773 

le 


ZJSI 
.3 






3u2S 
1.1 


1741 


5.25 
1.1 






2jU 
.5 


77.3 


2.C2 

.5 
— 






























lO 


77J 


2jC2 
K> 






20 




20 






lO 


7?S 
2W 


2.62 

to 






























ZjU 
LS 


773 








S?3 
3 




12; 

LI 






2jC2 
i.S 


775 


1.5 






























2jC2 








9123 










ZJ62 


TOjC 

3Sik 























TABLE 7 OPERATIONS TABLE FOR CURVED MODEL. SHEET 2L. 



TlOH 
X lO* 


Ya 




Yc 


Yo 


Y. 


Yr 


%, 


Yh 

» 


Y. 


Yk 


Y. 


Y„ 


Y„ 


Yo 


Y^ 




Yr 


Ys 


Yr 


Yu 


Yv 






Yy 


Yr 


vL" 1 






















sx 










iQtO 


2.62 

12. 


















UL> 1 












ZMl 


77.5 

2S2 


B,0 






3.Z3 


5zjg 


MO 








77.0 

232 


6.0 






























^ CI 

26 


821 


2& 






56 




5-29 






28 


77,3 
821 


2& 














V/ , 1 

\t-3L3 


















2S8 


9.0 






17 


WO 


3.23 

17 






9 £.9 

9.0 


77a 
29i 


2.62 

9.0 












Vp" 1 




















Tolc 
176 








n 










zs 


OA 


































ISS 


J2 








406 


ii 








AMI 

lai 


2*2 








VSi-*C 






















CJM. 

IZ 




\t 






5.2S 
24 


125 


24 






12 


360 


CM 

12 






























2j62 
CI 


TTJi 


2j62 
61 






5.23 
125 


mg 


S.2!! 
123 






2j62 


7X5 


2jC3 
6t 






























\Z 


77.5 


1« 

IZ 






5.15 
23 


m 


25 






2fi2 
12 


77.3 


2Jfi2 

le 






























2JU 
A. 


70X 










248 








?»! 
it. 


US 



TABLET. OPERATIONS TABLE FOR CURVED MODEL. SHEET 3. 



0^«9M 
TI*M 

¥ lO* 


Ya 


Ys 




Yo 


Yi. 


Yr 




Yh 


Y. 


Yk 


Y. 


Y« 


Yr. 


Yo 


Yp 


Ya 


Yit 


Y* 


Yr 


Y, 


Yv 


Y« 


Y* 


Y^ 


Yx 


V*-l 
































TQjC 










7545 
164 






























- 












2iU 
13 


77.5 
999 


13 






2.G2 
\^ 


«»<» 


13 








































115 


■n.a 


iits 






lis 




115 




Vr-I 
Vt-M 




































2AZ 
14 


775 


14 






\4 




2.42 
14 


V*-l 






































ZJtZ 


34 








A 


m 






5.25 




JIM 






ViJS 






















2L 








5L25 


105 






Vt-l 








K>-5 


















loa 




KXS 










IO.S 






S.2i 




a.2! 




129 




9l2S 






KX5 


2L 


KXS 










KXS 






105 


£1 


105 






5LZS 


10^ 


3J9 







TABLE 7, OPERATIONS TABLE FOR CURVED MODEL. SHEET 3. 



J{ lO* 


Ya 


Yb 


^; 


Yo 


Yi. 


Yr 




Yh 


Yj 


Y^ 


Yu 


Y« 


Yr. 


Yo 


Yp 




Yr 


Y» 


Yr 


Yo 


Yv 


Y,. 


Y* 


Yx 


Yx 


Vv-I 

V.-«a 
































70JC 

»71 










1&4 


-fit. 






Vi.-I 
































13 


77.S 


2^ 
13 






2.C2 
I* 


wo 


I* 
















■ 
























115 


T7.3 


115 






IIS 


m 






Vv-I 
Vt'5.1 




































£62 
14 


775 
♦OS 












14 


V*-l 








































TOO 










ZSiZ 

I02 


Vn-l 






HQS 












KM 
















I0.5 












JOS 


5.2! 




Vt-I 








JOS 




• 




K3t5 






1 




|CX3 




KXS 








21 


10.S 
















ja9 


125 






IQ5 


2L 


KX5 






KX5 










K>5 


iL 


105 






3125 











TABLE 6. GROUP RELAXATION FOR CURVED MODEL. 



OOWTS 


A 


B 


c 


D 


E 


f 


e 


H 


0 


K 


L 


M 


N 


0 


P 


Q 


R 


S 


T 


U 


Y 


W 


X 


Y 


z 


ORteiNAU 

Loads 




3Z5 


271 


307 




0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


6 


0 


0 


0 


466 


0 


0 


Group 
Relaxation 


406 


359 


276 


Wl 


257 


3^ 




153 




45 


144 






71 


5 


z\ 


4« 


164 


79 


24 


zo 


70 




74 


13 


Residual 


136 


M 


5 


35 


1 


M3 




153 


21 


A5 


144 




238 


li 


5 


z\ 


48 


184 


79 


24 


zo 


70 


528 


74 


IS 



TABLE 9. RELAX/^JION TABLE FOR CURVED MODEL. SHEET L 



Opera- 
tion 


Y 

*^ 




'c 


'0 


'E 


Y- 




Y 
•h 


Y. 

•J 


Yw 


Y. 


Y., 


Y^ 


•0 


Y» 


Ya 


Yr. 


's 


Y^ 

•T 


Y.. 


Y»/ 


Yw 


'X 


Yv 
'Y 


Y, 


Rgsidual 




34 


5 


35 


1 


343 




153 


13) 


49 


144 


id. 
ii 


298 


11 
li 




21 




64 
B77 


79 
£i 


24 


20 


70 




74 

15 


13 










»b 


























74 


N 








22 
27 


Obi 
80S 


53 
27 






57 


914 


61 

27 




Vh= ISO 




A 


U6 


4 






8 




8 






4 


)\b 


4 








?J5b 


26 






30 


0 


34 




Vc*l.3» 




38 
4 


12) 

1^ 


39 
4 






4 


lU 
107 


123 
4 






70 


Z8 


60 
























V5* 1.99 




42 


0 


43 






LIZ 










S 


154 


5 






to 


350 


\0 






5 


154 


5 




Vx-1.73 
























6S 




25 






5 
5 


94 
134 


36 
5 






35 
5 


154 
152 


39 
5 




V„=U£ 




4 


1!0 


4 






7 


250 


7 






4 


US 


4 






10 


40 


A\ 






40 


2 


44 




Vr/=1.7i 




38 
4 


no 

150 


39 
4 






4 


246 
132 


4 






69 


72 


79 




























34 


40 

2§ 


35 
13 








114 

53 


130 
2b 






2b 


53 


2b 






Zb 


53 


Zb 






1^ 


Zb 


13 






136 


47 


14 




1 


343 


102 




t04 


49 


144 


43 


19 


53 


s 




3b 




b7 




20 


53 


24 


57 


IS 



TABLE. 9. RELAXATION TABLE FOR CURVED MODEL. SHEET 2. 



. TIOM 
X \0* 


Y 
«A 


V 
»B 


Y 
•c 


Y 

'o 


V 
»E 


Y 

•f 


Y 


Y 
«H 


Y 


Y 
«K 


V 
'L 


y 

IM 


Y 
'K 


Y 


Y 


Y 


Y 
'R 


Y 
•S 


Y 


Y 
»U 


Y 


V 

% 


Y 


Y 


Y 




136 


47 


14 


48 


\ 




± 


61 

11 


104 

1 


49 


144 


43 
_3 


93 


_3 


5 


21 


36 

i 


J5 
41. 


i 


24 


20 


53 


24 


S7 


13 


















eo 


105 








IIZ 
92 


S6 
3 






35 


54 

209 


66 
6 






1 


i2 






























49 


20 


59 






Z9 

A 


155 
141 


60 

A 






50 

-5 


116 
161 


54 

JE 






g02 


47 

A 


\A 


48 


\ 


i 


m 


20 


Ip5 


42 


144 

SO? 




20 






21 


Z4 


13 


55 


24 


20 


45 


45 


49 


13 




11 
91 


39 








iOZ 
£5 


Hi 
A 








63 
































ZO 


36 








17 


\zz 








41 


z 










3 








4i 


2 
































55 








65 


27 
2 








61 


47 

2 




















6 


ns 


i& 








Sb 


3i 








29 










4«3 










n 


W 
hS 


W 
Z 






U 

a 


73 
57 


14 

2 






IS 




17 




























15 


15 


9 


48 


I 


9 


16 


12 










17 


52 






29 


13 


55 


24 




49 


45 


49 


13 



TABLE a RELAXATION TABLE FOR CURVED MODEL. SHEET a. 



Opera- 
tion 














% 


Y„ 




Vk 


\ 


Ym 




Yo 


Yp 


Y<. 


Yr 




Yt 




Yv 


Yw 


Yx 








IS 


15 


9 


48 




9 


16 


\z 


10$ 


12 


3 


141 
7fl 


17 
3 




1 


3 
5 


29 
179 


13 
5 


55 




9 
3 


49 

78 


45 

3 


49 


13 


1.65 
























b5 


20 






2 
4 


116 


Id 

4 






6 
4 


127 
145 


48 
4 










It 








11 


Zl 


11 






n 


21 


\\ 






6 
11 


2i 
21 


22 
11 








1§ 
H 


52 
S 








10 


26 


4 

& 


52 


^ 




37 




130 


4 






9 

£ 






J£ 


0 


It 








1 


47 














1 


1 






3 










7 
4 


104 


2 

A 






7 


236 


7 






4 


104 


4 

17 
5 








• 












• i 








II 


is 


3 






18 
5 


tSB 


3\ 
5 






51 
5 


153 
176 




(0 


26 




1 


i 


Z 


37 


1 


25 
1 


2a 






II 


11 






0 


23 




36 


2 


7 


56 




ZZ 


Vk«.is 


















26 


S9 














0 


VL 


0 






0 


ii 


0 




Residual 


10 


26 


z 






z 


37 


3 


26 








II 


12 






0 


35 




96 


2 


2 


43 


23 


22 














































1 









TABLE. 10. CHECK TABLE FOR CURVED MODEL. 



Opera - 

1 lUn 

XIO^ 


A 


'B 


G 


u 


Ye 








Y. 


IS 


Y, 

L 




Ym 


O 


Yp 

r 






Yc 

o 


Yt 

r 


Yi, 


Yi/ 


Yw 


Yy 

A 


Yv 
Y 


Y7 








271 


307 


256 




































1466 








761 












2b 










































IZ 








988 










469 


JI 




























V. - 3.70 






















556 










Pisa 








































\M 


it 








OlO 


1 1 


















































US 










114 
















15 












































5 




5 






KJ 


33b 


1 A 










J 


























VM=a.oo 














ICC 


c 
o 






n 


352 


II 






c 
3 


153 


5 






































12 


361 


12 






Oil 


MO A 

BZijI 


24 






12 


3bl 


12 










































15 






15 


5^0 


15 






Vc= Z.\7 






lai 


d 






6 


168 


6 


































Vh= 638 




17 


494 


17 






34 


1123 


34 






17 


*9A 


17 






































33 


974 


33 






6b 


Z2I2 


66 






oo 


974 


33 






































57 


I4«3 


57 






114 


3822 


114 






57 


(.83 


57 






































94 


067 


94 






94 


3164 


94 




Vh= 3.W 






9 


317 


9 










9 
































Vj' .14 








n 








J. 


25 


1 








11 
























3^0 
















9 


Z5b 


9 






17 




17 






9 


Z56 


9 






































16 


46? 


16 






32 


1063 


32 






16 


4fa8 


16 


VV= 7.Z0 




































19 


598 


19 






19 


6^ 


19 










»3 


543 
















































iJ 


305 








23 


655 








u 










































7 


179 








13 


364 








1 


n9 








































4 












248 








4 


\\b 
























■ 
















4 


55 








4 


\Q2 






1 25 


3 


6 


27 


I 


38 


2 


26 








lb 


t2 


4- 


3 




A3 


28 


34 


7 


8 


47 


23 

























































ITAGA 'STS Ko,. 934 

11,- CSALCULAIIMOK 01 mrSIOH IH STRIir&lBS 



S9 



STEI^'G-SR XI 



S^rmbol 



Displacement 
(ia. X 10-"*) 



«10,U 
-6*56 

•.2«11 
-.1,52~ 



3.55 
2.86 

1.59 

*59 



Stress 
(psi) 



Symbol 



X770 
1430 

795 
295 



Displacement 
(in. X lO--*) 



ssaiH&m III 



-5.S9 
-1,91 

2.00 
1^.66 

5rS0 
SDBISGiEB IV 



3.9s 

3.91 
2*66 
1.1^ 



Stress 
(psi) 



1990 
1950 
1330 
570 



"0 



2,17 

. 6,38 
12«57 
21*72 
35.96 



I»-»21 
6.19 
9.15 
11^.2^ 



2110 
3090 

7120 



^0 



-3.6O 
-.lU 
3-30 

7.20 



3^^ 
3.Uit 
2,74 
1.16 



X730 
1720 

1370 
5S0 





-7-22 




lUUo 


2,87 




«H»35 










l.SO 


. 900 




-2.55 




1*50 






.90 




-.1.65 










*30 


150 


j 


-1.35 







ITACa No, 934 



lABLE 12.- OALCULATIOH OP SHEAR SIRSSS 



STSIU&SE 


Section 

A 
B 
0 
D 
E 


Displacement 
(in. X XO"**) 


II- I 


Stress, 
(pai) . 


-10.11 
-6,56 
-S,7 0 
-2.11 
-1.52 


-5,89 
-1,91 
2, 00 
4,66 
5, 80 


4,22 
4.65 
5,70 
6.77 
7,32 


• 739 
815 
998 
1190 
1280 


SICRXN&ER 


Section 

A 
3 
0 
D 
S 


II 

<3 


1 

III 1 III- II 

. splaceisent 
.n, X 


Stress 
(pai) 


-5.89 
-1,91 
2.00 
4,66 
5.80 


2,17 
6,58 
12.57 
21.72 
35,96 


8,06 
8,29 
10.57 
17. 06 
3 0.16 


1410 
145 0 
1850 
2980 
5270 




Soot ion 

A 
B 
C 
D 
E 


III ] 17 

Displacement 
(in, X 10-4) 


IT- III 


Strass 

(P8i) 


2,17 
6,38 
12, 57' 
21,72 
35.96 


-3,60 . 
-.14 
3.50 
6, 04 
7,20 


-5.77 

-6.52 
-9.27 

-15,68. 

-28,76 


-1010 
-1140 
-16 2 0 
-2740 
-5 03 0 


STRIH&EB 


Section 

A 

B 
0 
D 
E 


IV 1 V 1 V ~ IT 

Displacement 
(in, X IQ-*) 


Stress 
(psi) 


-p-3,6 0 
-, 14 
S.30 
6, 04 
7,20 


~7,S2 
-4,35 
-2.55 
-1,65 
-1.35 


-3.62 
-4.21 
-5. 85 
-7.69 
-8.55 


-634 
-736 
-102 0 
-1340 
-1500 



MACA TN No. 934i 
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Fig. r' 
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FIG. I. CURVED TEST MODEL. 



NAOA TN No. 934 



Fig. 3 




•Figure 3.- Upper lever system for curved model. 



NACA T|N No. 934 



Fig. 5 



6' 



8" 



4| 



I" 
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r 

4-" 

SCCTVOM T I 



^3 



SecT\OM B 




4' 
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E 



Strain 

_L GtAGiE 



-H -1- H- 



i'BOLT5 

3 Pitch 
■ IFTaDI 

^STRlNa^S 



4-DiA. Hole 



. ,0ZI'-245TAU3heet 



9" 



^X^^TEEL 

/i r5TR»P5 



6" 



8' 



FIG. 5. FLAT TEST ^AODEL. 



NACA TN No. OS 4- 



7 9^1^To 

l3[7Ap I 14 Q«] 




D 



STRESS 
PSI. 



LOAD 

FIG. 7. CURVED MODEL WITH MEASURED LOADS AND 
STRESSES. 1500 LB. LOAD CONDITION. 



NACA TN No. 934- 



Fig. 8 



1180 



6t5 



10 



oil jo) n Hni HEZ b] 2 



A 
K 
F 

E> 
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15 /6 J7 



^2.7 



H 



D 



SI 0 B 
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2.6 




2.Q 



16 19 ZO 



I 



Zl ZZ 23 



30 




31 
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FIG. 8. CURVED MODEL WITH MEASURED LOADS AND 
STRESSES. . 3000 LB LOAD CONDITION. 



NACA TN No. 934 



Fiq. 9 



^ 



ZbSO 



10 



3^ 



388 



A 
K 
F 

e> 



' " Fijel I 1^ 14271 1 IS pisTl I M fifeTI I 



37 36* 39 



H 



W2.7 



i i 



43 44 45 



-49 



15 /6. J7 




3 2. 



16 id ZO 



I 

Z] 



o 

M 

22 23 



3 



ffl 



33 



30 




00 



3/ 



W35 



LOAD 



STRESS 

PSI 



FIG. 9. CURVED MODEL WITH MEASURED LOADS AND 
STRESSES. 4500 LB LOAD CONDITION. 
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FIG. 10. DIRECT STRESS IN STR\NGERS. 
3000 L& LOAD CONDITION. 
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nG.U. Dlf^^CT STRESS IN SHEET. 3000 L£ LOAD CONDITION. 
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FIG. 14. DEFLECTED SHAPE OF MODEL. 
3000 LB LOAD CONDITION. 
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FJG. 16. FLAT MODEL WITH MEASURED LOADS AND 
STRESSES. 480 LB LOAD INCREMENT. 




FIG- 17. DIRECT STRESS IN STRINGERS. 
240 LB LOAD INCREMENT. 
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FIG. 21 SYSTEM FOR BLOCK 
DISPLACEMENT. 




F\G. EE. SCHEMATIC DRAWING OF ONE-HALF 
THE FLAT MODEL. 
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ne. 23. CALCULATED AND MEASURED DIRECT STRESS 

IN STRINGERS IN FLAT MODEL. 

O MeASURED VALUES. 

CIW\J&ULATEO.FUU- SHEAR RIWD IT Y. 

* CKUCULATED^ONE-auARTER SHEAR RIGIDITY. 
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FIG. ^4^. SCHEMATIC DRAWING OF CURVED MODEL 

UNDER LOAD, RUN J. 
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FIG. as. CALCULATED AND MEASURED DIRECT STRESS IM 
STRINGERS FOR CURVED MODEL. 
CURVES SHOW VALUES DERIVED FRQM EXPERIMEHT. 
CIRCLES INDICATE CALCULATED VALUES. 
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FIG. Zd. C0MPARISOr4 OF SHtAR STRESSES FOR CURVED MODEL- 
CURVES SHOW VALUfiS DERIVED FROM EXPERIMENT. 
CIRCLES INDICATE CALCULATED VALUES. 
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